Abstract: A general technique for proving the irrationality of the zeta function constants Ζ 2 n 1 , n 1, from the known irrationality of the beta constants L 2 n 1, Χ is developed in this note. The irrationality of the zeta constants Ζ 2 n , n 1, and Ζ 3 are well known, but the irrationality results for the zeta constants Ζ 2 n 1 , n 2, are new, and seem to show that these are irrational numbers. By symmetry, the irrationality of the beta constants L 2 n, Χ are derived from the known irrationality of the zeta constants Ζ 2 n . Mathematics Subject Classifications: 11J72, 11J82.
Introduction
As the rationality or irrationality nature of a number is an arithmetic property, it is not surprising to encounter importantconstants, whose rationality or irrationality is linked to the properties of the integers and the distribution of the prime numbers, for example, the number 6 Π 1 p 2 1 p
2 . An estimate of the partial sum of the Dedekind zeta function of quadratic numbers fields will be utilized to develop a general technique for proving the irrationality of the zeta constants Ζ 2 n 1 from the known irrationality of the beta constants L 2 n 1, Χ , 1 n . This technique provides another proof of the first odd case Ζ 3 , which have well known proofs of irrationalities, see [1] , [2] , [13] , et al, and an original proof for the other odd cases Ζ 2 n 1 , n 2, which seems to confirm the irrationality of these number.
Theorem 1.
For each fixed odd integer s 2 k 1 3, the zeta constant Ζ s is an irrational number.
The current research literature on the zeta constants Ζ 2 n 1 states the following:
(i) The special zeta value Ζ 3 is an irrational number, see [1] , [2] , [5] , [13] , et al.
(ii) At least one of the four numbers Ζ 5 , Ζ 7 , Ζ 9 , and Ζ 11 is an irrational number, see [16, p. 7] and [17] .
(iii) The sequence Ζ 5 , Ζ 7 , Ζ 9 , Ζ 11 , … contains infinitely many irrational zeta constants, see [3] . Various advanced techniques for studying the zeta constants are surveyed in [9] , and [14] .
By the symmetry of the factorization of the Dedekind zeta function Ζ K s Ζ s L s, Χ with respect to either Ζ s or L s, Χ , almost the same analysis leads to a derivation of the irrationality of the beta constants L 2 n, Χ from the known irrationality of the zeta constants Ζ 2 n for n 1.
Theorem 2.
For each fixed even integer s 2 n 2, the beta constant L s, Χ n 1 Χ n n s is an irrational number.
The second Section contains basic materials on the theory of irrationality, the transcendental properties of real numbers, and an estimate of the summatory function of the Dedekind zeta function. The proof of Theorem 1 is given in the third Section. Last but not least, a sketch of the proof of Theorem 2 is given in the fourth Section.
Fundamental Concepts and Background
The basic notations, concepts and results employed throughout this work are stated in this Section.
Criteria for Rationality and for Irrationality
All the materials covered in this subsection are standard definitions and results in the literature, confer [6] , [7] , [10] , [13] , [16] , et al. This is a statement about the lack of effective or good approximations of an arbitrary rational number Ξ by other rational numbers. On the other hand, irrational numbers Ξ have effective approximations by rational numbers.
If the complementary inequality Ξ p q c q holds for infinitely many rational approximations p q, then it already shows that the real number Ξ is almost irrational, so it is almost sufficient to prove the irrationality of real numbers. More precise results for testing the irrationality of an arbitrary real number are stated below. , and some ∆ 0, then Ξ is an irrational number.
Theorem 5.
(Dirichlet) Let Ξ be a real number. If there exists an infinite sequence of rational approximations p n q n such that p n q n Ξ, and
, then Ξ is an irrational number.
Estimate of An Arithmetic Function
Let q 2 be an integer, and let Χ 1 be the quadratic character modulo q. The Dedekind zeta function of a quadratic numbers field 
The Irrationality of Some Constants
The different analytical techniques utilized to confirm the irrationality, transcendence, and irrationality measures of many constants are important in the development of other irrationality proofs. Some of these results will be used later on.
Theorem 7. The real numbers Π, Ζ 2 , and Ζ 3 are irrational numbers.
The various irrationality proofs of these numbers are widely available in the open literature. These technique are valuable tools in the theory of irrational numbers, refer to [1] , [2] , [5] , [13] , and others.
Theorem 8. For any fixed n , the followings statements are valid. (i) The real number Ζ 2 n 1 n 1 2 Π 2 n B 2 n 2 2 n is a transcendental number,
where B 2 n and E 2 n are the Bernoulli and Euler numbers respectively.
Proof: Apply the Lindemann-Weierstrass theorem to the transcendental number .
Irrationality of the Zeta Constants Ζ 2 n 1
For any integer 1 s , the zeta constant Ζ s is a real number classified as a period since it has a representation as an absolutely convergent integral of a rational function:
where s 1. A few related integral representations are devised in [2] to prove the irrationality Ζ 2 and Ζ 3 . The general idea of a rational or nonrational integral proof of the zeta constant Ζ s for any integer s 2 is probably feasible.
The Main Result
A different technique using two independent infinite sequences of rational approximations of the two constants Ζ K s , and 1 L s, Χ ,which are linearly independent over the rational numbers,will be used to construct an infinite sequence of rational approximations of the zeta constant Ζ 2 n 1 , n 1. The properties of these sequences,such as sufficiently fast rates of convergence,are then used to derive the irrationality of any zeta constant Ζ 2 n 1 , n 1. } are the convergents of the irrational numbers n 1 r n n s and n 1 n s , s 2 k 1 3, see (7) and (11) for other details. The existence of this sequence implies that Ζ 2 k 1 is not a rational number.
Irrationality of the Beta Constants L 2 n, Χ
For q 4 the quadratic symbol is defined by Χ n 1 n 1 2 if n is odd, else Χ n 0. The corresponding Dedekind zeta function is given by compare this to (6) . Now, proceed as before in the proof of Theorem 1 for the verification of the irrationality of the zeta constant Ζ 2 k 1 , mutatis mutandis.
